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Preface 
Here are my online notes for my differential equations course that I teach here at Lamar 
University.  Despite the fact that these are my “class notes” they should be accessible to 
anyone wanting to learn how to solve differential equations or needing a refresher on 
differential equations.   
 
I’ve tried to make these notes as self contained as possible and so all the information 
needed to read through them is either from a Calculus or Algebra class or contained in 
other sections of the notes. 
 
A couple of warnings to my students who may be here to get a copy of what happened on 
a day that you missed.   
 

1. Because I wanted to make this a fairly complete set of notes for anyone wanting 
to learn differential equations I have included some material that I do not usually 
have time to cover in class and because this changes from semester to semester it 
is not noted here.  You will need to find one of your fellow class mates to see if 
there is something in these notes that wasn’t covered in class. 

2. Because I want these notes to provide some more examples for you to read 
through, I don’t always work the same problems in class as those given in the 
notes.  Likewise, even if I do work some of the problems in here I may work 
fewer problems in class than are presented here. 

3. Sometimes questions in class will lead down paths that are not covered here.  I try 
to anticipate as many of the questions as possible in writing these up, but the 
reality is that I can’t anticipate all the questions.  Sometimes a very good question 
gets asked in class that leads to insights that I’ve not included here.  You should 
always talk to someone who was in class on the day you missed and compare 
these notes to their notes and see what the differences are. 

4. This is somewhat related to the previous three items, but is important enough to 
merit its own item.  THESE NOTES ARE NOT A SUBSTITUTE FOR 
ATTENDING CLASS!!  Using these notes as a substitute for class is liable to get 
you in trouble. As already noted not everything in these notes is covered in class 
and often material or insights not in these notes is covered in class. 
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 Definitions 
 
Differential Equation 
The first definition that we should cover should be that of differential equation. A 
differential equation is any equation which contains derivatives, either ordinary 
derivatives or partial derivatives.  
 
There is one differential equation that everybody probably knows, that is Newton’s 
Second Law of Motion. If an object of mass m is moving with acceleration a and being 
acted on with force F then Newton’s Second Law tells us. 
 F ma=  (1) 
To see that this is in fact a differential equation we need to rewrite it a little. First, 
remember that we can rewrite the acceleration, a, in one of two ways. 

 
2

2ORdv d ua
dt dt

= a =  (2) 

Where v is the velocity of the object and u is the position function of the object at any 
time t. We should also remember at this point that the force, F may also be a function of 
time, velocity, and/or position. 
 
So, with all these things in mind Newton’s Second Law can now be written as a 
differential equation in terms of either the velocity, v, or the position, u, of the object as 
follows. 

 ( ),dvm F t
dt

= v  (3) 

 
2

2 , ,d u dum F t u
dt dt

⎛= ⎜
⎝ ⎠

⎞
⎟  (4) 

So, here is our first differential equation.  We will see both forms of this in later chapters. 
 
Here are a few more examples of differential equations. 
 ( )ay by cy g t′′ ′+ + =  (5) 

 ( ) ( )
2

2 5
2sin 1 yd y dyy y y

dx dx
−= − + e  (6) 

 ( ) ( )4 10 4 2 cosy y y y t′′′ ′+ − + =  (7) 

 
2

2
2

u u
x t

α ∂ ∂
=

∂ ∂
 (8) 

 2
xxa u utt=  (9) 

 
3

2 1u u
x t y
∂ ∂

= +
∂ ∂ ∂

 (10) 

 
Order 
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The order of a differential equation is the largest derivative present in the differential 
equation. In the differential equations listed above (3) is a first order differential equation, 
(4), (5), (6), (8), and (9) are second order differential equations, (10) is a third order 
differential equation and (7) is a fourth order differential equation. 
 
Note that the order does not depend on whether or not you’ve got ordinary or partial 
derivatives in the differential equation. 
 
We will be looking almost exclusively at first and second order differential equations 
here.  As you will see most of the solution techniques for second order differential 
equations can be easily (and naturally) extended to higher order differential equations. 
 
Ordinary and Partial Differential Equations 
A differential equation is called an ordinary differential equation, abbreviated by ode, 
if it has ordinary derivatives in it. Likewise, a differential equation is called a partial 
differential equation, abbreviated by pde, if it has differential derivatives in it. In the 
differential equations above (3) - (7) are ode’s and (8) - (10) are pde’s. 
 
We will be looking exclusively at ordinary differential equations here. 
 
Linear Differential Equations 
A linear differential equation is any differential equation that can be written in the 
following form. 
 ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) (1

1 1 0
n n

n na t y t a t y t a t y t a t y t g t−
− ′+ + + +" )=  (11) 

The important thing to note about linear differential equations is that there are no 
products of the function, , and its derivatives and neither the function or its 
derivatives occur to any power other than the first power. 

( )y t

 
The coefficients  and ( ) ( )0 , , na t a t… ( )g t  can be zero or non-zero functions, constant 

or non-constant functions, linear or non-linear functions.  Only the function, , and its 
derivatives are used in determining if a differential equation is linear. 

( )y t

 
If a differential equation cannot be written in the form, (11) then it is called a non-linear 
differential equation. 
 
In (5) - (7) above only (6) is non-linear, all the other are linear differential equations.  We 
can’t classify (3) and (4) since we do not know what form the function F has.  These 
could be either linear or non-linear depending on F. 
 
Solution 
A solution to a differential equation on an interval tα β< <  is any function  which 
satisfies the differential equation in question on the interval 

( )y t
tα β< < .  It is important to 

note that solutions are often accompanied by intervals and these intervals can impart 
some important information about the solution.  Consider the following example. 
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Example 1  Show that ( )
3
2y x x

−
=  is a solution to 24 12 3x y xy y′′ ′ 0+ + =  for . 0x >

 
Solution  We’ll need the first and second derivative to do this. 

( ) ( )
5 7
2 23 1

2 4
5y x x y x x

− −
′ ′= − =′  

Plug these as well as the function into the differential equation. 

 

7 5
2 2 2

3 3 3
2 2 2

15 34 12 3
4 2

15 18 3 0
0 0

x x x x x

x x x

− −

− − −

⎛ ⎞ ⎛ ⎞ ⎛ ⎞3
2 0+ − +⎜ ⎟ ⎜ ⎟ ⎜ ⎟

⎝ ⎠ ⎝ ⎠ ⎝ ⎠
=

− + =
=

 

So, ( )
3
2y x x

−
=  does satisfy the differential equation and hence is a solution.  Why then 

did I include the condition that ?  I did not use this condition anywhere in the work 
showing that the function would satisfy the differential equation. 

0x >

 
To see why recall that 

 ( )
3
2

3

1y x x
x

−
= =  

In this form it is clear that we’ll need to avoid 0x =  at the least as this would give 
division by zero.   
 
Also, there is a general rule of thumb that we’re going to run with in this class.  This rule 
of thumb is : Start with real numbers, end with real numbers.  In other words, we don’t 
want solutions that give complex numbers.  So, in order to avoid complex numbers we 
will need to avoid negative values of x. 
 
So, we saw in the last example that even though a function may symbolically satisfy a 
differential equation, because of certain restrictions brought about by the function we 
cannot use all values of the independent variable and hence, must make a restriction on 
the independent variable.  This will be the case with many solutions to differential 
equations. 
 
In the last example, note that there are in fact many more possible solutions to the 
differential equation given.  For instance all of the following are also solutions 
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( )

( )

( )

( )

1
2

3
2

1
2

3 1
2 2

9

7

9 7

y x x

y x x

y x x

y x x x

−

−

−

− −

=

= −

=

= − +

 

I’ll leave the details to you to check that these are in fact solutions.   Given these 
examples can you come up with any other solutions to the differential equation?  There 
are in fact an infinite number of solutions to this differential equation. 
 
So, given that there are an infinite number of solutions to the differential equation in the 
last example (provided you believe me when I say that anyway….) we can ask a natural 
question.  Which is the solution that we want or does it matter which solution we use?  
This question leads us to the next definition in this section. 
 
Initial Condition(s) 
Initial Condition(s) are a condition, or set of conditions, on the solution that will allow 
us to determine which solution that we are after.  Initial conditions (often abbreviated 
i.c.’s when I’m feeling lazy…) are of the form 
 ( ) ( ) ( )0 0 0and/or       k

ky t y y t y= =  
So, in other words, initial conditions are values of the solution and/or its derivative(s) at 
specific points.  As we will see eventually, solutions to “nice enough” differential 
equations are unique and hence only one solution will meet the given conditions. 
 
The number of initial conditions that are required for a given differential equation will 
depend upon the order of the differential equation as we will see. 
 

Example 2  ( )
3
2y x x

−
=  is a solution to 24 12 3 0x y xy y′′ ′ + = ( ), +

14
8

y = , and 

( ) 34
64

y′ = − . 

Solution  As we saw in previous example the function is a solution and we can then note 
that 

 

( )
( )

( )
( )

3
2

3

5
2

5

1 14 4
84

3 3 14 4
2 2 4

y

y

−

−

= = =

′ 3
64

= − = − = −

 

and so this solution also meets the initial conditions of ( ) 14
8

y =  and ( ) 34
64

y′ = − .  In 
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fact, ( )
3
2y x x

−
=  is the only solution to this differential equation that satisfies these two 

initial conditions. 
 
Initial Value Problem 
An Initial Value Problem (or IVP) is a differential equation along with an appropriate 
number of initial conditions. 
 
Example 3  The following is an IVP. 

 ( ) ( )2 1 34 12 3 0 4 , 4
8 6

x y xy y y y′′ ′ ′+ + = = = −
4

 

 
Example 4  Here’s another IVP. 
 ( )2 4 3 1t y y y′ 4+ = = −  
 
As I noted earlier the number of initial condition required will depend on the order of the 
differential equation. 
 
Interval of Validity 
The interval of validity for an IVP with initial condition(s) 
 ( ) ( ) ( )0 0 0and/or       k

ky t y y t y= =  
is the largest possible interval on which the solution is valid and contains .  These are 
easy to define, but can be difficult to find, so I’m going to put off saying anything more 
about these until we get into actually solving differential equations and need the interval 
of validity. 

0t

 
General Solution 
The general solution to a differential equation is the most general form that the solution 
can take and doesn’t take any initial conditions into account. 
 

Example 5  ( ) 2

3
4

cy t
t

= +  is the general solution to  

 2 4t y y 3′ + =  
 
I’ll leave it to you to check that this function is in fact a solution to the given differential 
equation.  In fact, all solutions to this differential equation will be in this form.  This is 
one of the first differential equations that you will learn how to solve and you will be able 
to verify this shortly for yourself. 
 
Actual Solution 
The actual solution to a differential equation is the specific solution that not only 
satisfies the differential equation, but also satisfies the given initial condition(s). 
 
Example 6  What is the actual solution to the following IVP? 
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 ( )2 4 3 1t y y y′ 4+ = = −  
Solution This is actually easier to do that it might at first appear.  From the previous 
example we already know (well that is provided you believe my solution to this 
example…) that all solutions to the differential equation are of the form. 

 ( ) 2

3
4

cy t
t

= +  

All that we need to do is determine the value of c that will give us the solution that we’re 
after.  To find this all we need do is use our initial condition as follows. 

 ( ) 2

3 34 1 4
4 1 4 4

cy c− = = + ⇒ = − − = −
19  

So, the actual solution to the IVP is. 

 ( ) 2

3 19
4 4

y t
t

= −  

 
From this last example we can see that once we have the general solution to a differential 
equation finding the actual solution is nothing more than applying the initial condition(s) 
and solving for the constant(s) that are in the general solution. 
 
Implicit/Explicit Solution 
In this case it’s easier to define an explicit solution, then tell you what an implicit 
solution isn’t, and then give you an example to show you the difference.  So, that’s what 
I’ll do. 
 
An explicit solution is any solution that is given in the form ( )y y t= .  In other words, 
the only place that y actually shows up is once on the left side and only raised to the first 
power.  An implicit solution is any solution that isn’t in explicit form.  Note that it is 
possible to have either general implicit/explicit solutions and actual implicit/explicit 
solutions. 
 

Example 7   is the actual implicit solution to 2 2 3y t= − ( ), 2ty y
y

′ 1= = −  

 
At this point I will ask that you trust me that this is in fact a solution to the differential 
equation.  You will learn how to get this solution in a later section.  The point of this 
example is that since there is a 2y  on the left side instead of a single this is not an 
explicit solution! 

( )y t

 

Example 8  Find an actual explicit solution to ( ), 2ty y
y

′ 1= = − . 

Solution We already know from the previous example that an implicit solution to this 
IVP is .  To find the explicit solution all we need to do is solve for . 2 2 3y t= − ( )y t

 ( ) 2 3y t t= ± −  
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Now, we’ve got a problem here.  There are two functions here and we only want one and 
in fact only one will be correct!  We can determine the correct function by reapplying the 
initial condition.  Only one of them will satisfy the initial condition. 
 
In this case we can see that the “-“ solution will be the correct one.  The actual explicit 
solution is then 
 ( ) 2 3y t t= − −  
 
In this case we were able to find an explicit solution to the differential equation.  It should 
be noted however that it will not always be possible do find an explicit solution. 
 
Also, note that in this case we were only able to get the explicit actual solution because 
we had the initial condition to help us determine which of the two functions would be the 
correct solution. 
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